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Uncertainty and figure selection for DFT based cluster expansions for oxygen adsorption
on Au and Pt (111) surfaces

Spencer D. Miller and John R. Kitchin*

Department of Chemical Engineering, Carnegie Mellon University, Pittsburgh, PA 15213, USA

(Received 15 December 2008; final version received 16 February 2009)

We utilise two-dimensional cluster expansions in order to extend a small density functional theory (DFT) database of
oxygen adsorption energies on Au and Pt (111) surfaces to explore a wide range of configurational space in larger unit cells
than can be conveniently examined by DFT. We calculate adsorption energies and heats of formation for all configurations
of up to 15 adsorption sites using the cluster expansions. We show how the cluster expansion adsorption energies obey the
configurational correlation previously observed for the DFT results. The ramifications of figure selection are considered and
the use of cross-validation scores to weigh figure sets and determine predictive power is examined. Finally, we show that
there are only a small number of structural motifs needed to describe the most relevant structures in the phase diagram
on these metals.
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1. Introduction

Coverage dependence of adsorption properties can play an

important role in many reactions that occur on catalytic

surfaces. One widely deployed method for studying such

coverage dependence is density functional theory (DFT).

Oxygen is a widely considered adsorbate for such studies

and has been studied on many transition metals such as

platinum [1–4], ruthenium [5], rhodium [6], palladium

[7,8], gold [4,9], and copper [10]. Other adsorbates have

also been considered such as sulphur on Cu, Ag, and Pd

[11,12], and nitrogen on Ru [13] and Cu [14,15].

One goal in computational surface science is to predict

phase behaviour and to identify low energy, i.e. stable

surface structures. One limitation of DFT is that it is very

expensive in terms of computational resources, limiting

the number of configurations that can be reasonably

calculated. Consequently, there is often uncertainty about

whether there exist other, lower energy configurations than

the set considered. Cluster expansions can be used in order

to extend DFT results to a far wider range of

configurations, thus increasing the probability of identify-

ing relevant configurations. Three-dimensional cluster

expansions have been widely used in studies of bulk alloy

systems, and more recently the cluster expansion has

found applications in a two-dimensional form for the study

of surface adsorption systems [2,16–20].

In this application the adsorption system is coarse-

grained to an Ising lattice model, where each adsorption

site (typically the fcc site on a (111) surface) is represented

as a single lattice point. The occupancy of each lattice

point is then represented by a spin variable (s), for

example it can be set so that spin up (þ1) corresponds to

an occupied site and spin down (21) corresponds to a

vacant site. The cluster expansion results should be

independent of spin value selection provided that the

expansion is based on a complete figure basis set, this

means that the set also includes all sub-figures of every

figure included in the set [21].

In this work we will present the results of cluster

expansions on a set of DFT data presented in detail

elsewhere [4]. This will include a detailed look at the

method we employ for the selection of the basis set of

figures, and the potential ramifications of figure selection

on the cluster expansion results. We also return to the

configurational correlation previously identified through

our DFT results and show that it is consistent with the

cluster expansion. Additionally we utilise the cluster

expansion to produce phase diagrams based on heats of

formation, and study the structural similarity of those

thermodynamically stable configurations that lie near the

convex hulls.

2. Methods

The DFT calculation basis set utilised in this study [4] was

calculated using first-principles DFT as implemented in

the Vienna Ab initio Simulations Package [22–25]. All

calculations were performed using the projector augmen-

ted wave method [26] and the gradient-corrected Perdew-

Wang 91 (PW91-GGA) exchange-correlation functional
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[27], without symmetry reduction. Only the oxygen

molecule in a box was calculated with spin polarisation.

Cut-off energies of 425 eV for platinum slabs and 475 eV

for gold were used in the final calculations. k-point

densities equating to 12 £ 12 £ 1 k-points for a 1 £ 1

surface unit cell were used for the final calculations in both

cases, using the Monkhorst-Pack grid [28]. All adsorption

energies were calculated with reference to the energies of

clean surfaces calculated with commensurate k-point

grids. The final platinum adsorption energies were found

to be converged to about 0.02 eV/O, and on gold to

0.03 eV/O.

Five layer (111) slabs were used for all calculations,

with the bottom three layers fixed in bulk positions, with

adsorbed oxygen atoms placed only on the relaxed ‘upper’

side of the slab. A vacuum space of five layers

(corresponding to more than 10 Å) separated the slabs to

prevent any interactions between the periodically repeated

slabs. A lattice constant of 4.18 Å was used for gold, and

4.00 Å for platinum which are comparable to both

experimental and computational values [1,9].

Adsorption energies were calculated on a per adsorbate

basis with reference to molecular oxygen as shown in

Equation (1).

DHads ¼
EM2O 2 EM 2 NO·ð1=2ÞEO2

NO

ð1Þ

DHads is the adsorption energy, EM2O is the total energy of

the metal slab with adsorbed oxygen, EM is the energy of

the clean metal surface, NO is the number of oxygen atoms

adsorbed on the surface, and EO2
is the energy of a single

oxygen molecule in vacuum. In this convention, negative

adsorption energies are exothermic and thermodynami-

cally favourable with respect to gas phase, molecular

oxygen. The two-dimensional cluster expansion was

utilised in order to expand our results to configurations

whose adsorption energies were not directly calculated

using DFT. The cluster expansion is similar to other

expansions such as those using the Taylor series, or Fourier

series. In the case of a cluster expansion the basis set of

polynomials are known as ‘figures’ and the set is both

complete and orthogonal, meaning that the expansion is

exact in the limit of an infinite basis set [29]. The cluster

expansion assumes an Ising lattice model [30] where each

adsorption site is represented by a lattice point that is

either spin up (occupied, s ¼ 1) or spin down (unoccupied

s ¼ 21). The basis functions a are polynomials in spin

products over all the vertices n within a figure for a given

site (Equation (2)). The basis functions are summed and

averaged over each site in the configuration to yieldPa for

a particular figure a (Equation (3)). Finally, each

symmetry and translationally equivalent figure to a is

collected in a set of figures F and the average value of the

set of Pa is calculated in Equation (4). The correlation

vector, Pa, is the mathematical representation of the

configuration used in the cluster expansion.

pa;site ¼
1

na

Yna
i¼1

si ð2Þ

Pa ¼
1

Nsites

XNsites

j¼1

pa;j ð3Þ

�PF ¼
na

NF

XNF

k¼1

PFk
: ð4Þ

Equation (2) is a product of all spin variables for a given

figure a on a given site, and na is the number of sites or

vertices in the figure. Equation (3) is a sum over all sites in a

given configuration divided by the total number of sites on

the configuration, and Equation (4) is the sum over all

symmetrically equivalent figures which produces the corre-

lation value for that figure on that configuration. The vector

of thesevalues for everyfigure set in the expansionbasis set is

the correlation vector, �P, for the configuration. These

correlation vectors can be constructed as a matrix of vectors

P
¼
�
, one for each configuration considered, and are then used

in the final cluster expansion equation (Equation (5)).

�
E ¼ P

¼
�
�
�
J ð5Þ

where
�
E is the vector of energies calculated using DFT, and

�
J is the vector of expansion coefficients. In order to use the

expansion it is necessary to determine the expansion

coefficients
�
J. These can be fitted using a least squares

algorithm from the knownDFTenergies, and the correlation

vectors for each configuration. Once the expansion

coefficients are known it is then possible to calculate the

energy of any adsorbate configuration by calculating its

correlation vector and multiplying this by
�
J.

While the set of figures which forms the basis set for

the cluster expansion is exact in the infinite limit; for any

practical application the set must be truncated at a finite

limit. We utilised a set of 18 figures in our basis set to

choose from, including zero, one, two, three, and four

vertex figures – these are shown in Figure 1. The challenge

Figure 1. Schematic of figures made available for the cluster
expansions presented in this paper. Red circles represent the
lattice points covered by the figure.
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in fitting cluster expansions is selecting a set of figures that

accurately and faithfully reproduces the set of DFT results.

Too few figures will not fit the data adequately, whereas

too many could overfit the data and lead to unreliable

predictions.

The purpose of the cluster expansion is to make

accurate predictions for the adsorption energies of

configurations for which DFT calculations are not

available. Therefore, we weigh the accuracy of the cluster

expansion in terms of its predictive power. Prediction

errors were calculated by leaving one or more DFT

configurations out of the set of configurations used to fit
�
J,

and then comparing the energy predicted for that

configuration by the cluster expansion to the calculated

DFT value.

This process was then repeated for every possible

leave one out, leave two out and leave three out scenario,

to provide a very large set of prediction errors which could

then be averaged over to produce the CV score as shown in

Equation (6). M is the total number of cluster expansion

energy predictions made, E predicted is the energy calculated

by the cluster expansion for a given fit and configuration i,

and E DFT is the energy of that configuration as calculated

by DFT

CVscore ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

M

XM
i¼1

E
predicted
i 2 EDFT

i

� �2

vuut : ð6Þ

kðPÞ ¼
smax

�
P
¼
��

smin

�
P
¼
�� : ð7Þ

This procedure presents one notable weakness. Due to

the similarity of some configurations it was possible to

produce correlation matrices with determinants near zero,

that is strongly ill-conditioned matrices. This results in

very unstable
�
J vectors and large prediction errors. In order

to avoid this shortfall, any
�
J’s fit to ill-conditioned

correlation matrices
�
P
¼
��

as defined by those with

condition numbers (k) in excess of 1000 as calculated by

Equation (7) (where the s
�
P
¼
��

’s refer to the minimal and

maximal singular values of the correlation matrix), were

ignored for the purposes of calculating the cross-validation

score. One result of this procedure was to produce more

reliable CV scores, but another was that the number of

errors over which the CV score is calculated was no longer

the same for every figure set, due to differences in how

many ill-conditioned correlation matrices different figure

sets produce. Therefore, a minimum number of errors must

be set for consideration of a figure set, which we set to be

6000. In addition to excluding those figure sets which

produce many ill-conditioned correlation matrices, this

condition also ruled out very large figure sets. This is due

to the inability to produce a fit for a figure set which

includes more figures than there are configurations to fit to

(under-specification), so those figure sets of 12 or more

figures which did not allow for leave-three out fits

were also excluded. These figure sets are not expected

to be any more accurate than smaller figure sets as

discussed later.

This procedure was performed for each possible

figure set that could be composed from the 18 figures in

Figure 1 within the following constraints. Firstly, all

figure sets included Figures 1–5 which are the most

simple figures including the zero and one body figures,

and the two body nearest neighbour and second nearest

neighbour figures. Additionally all figure sets considered

were complete [21], that is for each figure included in a

figure set, every sub-figure of that figure was also

included in the figure set. Every figure set that met these

conditions was considered, and a CV score calculated

for each.

Heats of formation (DHF) were calculated for the

purpose of constructing a phase diagram. We did not

include the vibrational energy of the adsorbates in these

calculations. These heats of formation are a measure of the

Figure 2. Distribution of
�
J values for the lowest CV score figure

set on platinum, colour coded for each figure in the figure
set as noted in the upper lefthand corner. Figures are listed
(from top to bottom) in order of increasing figure size. Notable
are the narrow distribution of the

�
J values around averages

that are either positive or negative. Additionally the magnitude of
the average

�
J value decreases as figure size increases,

demonstrating the trend towards zero for higher order terms of
the expansion.
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relative stability of a given configuration with regards to

phase separation between regions of zero coverage and

regions of full coverage, as shown in Equation (8). EM2O is

the total energy of the metal slab with adsorbed oxygen,

EM is the energy of the clean metal surface,Epð1£ 1Þ2O is the

energy of the slab with a full mono-layer of

adsorbed oxygen, and u is the oxygen coverage of the

configuration in question

DHF ¼ EM2O 2 ð12 uÞEM 2 uEpð1£1Þ2O: ð8Þ

Figure 3. Prediction error distribution plotted for different figure sets with the figure set’s CV score noted in the upper left-hand corner.
The range and magnitude of the errors increases with the CV score, demonstrating how the CV score serves as a measure of a figure set’s
prediction error.

Figure 4. Adsorption energies as calculated by the cluster
expansion for gold (yellow) and platinum (magenta). Trend lines
for the lowest energy configurations at each coverage are shown
with their slopes.

Figure 5. Configurational correlation for the cluster expansion
adsorption energies. The line is the best fit line for all data points,
suggesting that there may be some nonlinearity in the correlation.
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3. Results and discussion

The practical cluster expansion is a truncation of the

infinite and exact cluster expansion. For this truncation to

be an accurate approximation, it is necessary for the higher

order terms of the expansion, corresponding to larger

figure sizes, to tend towards zero. If this were not the case,

then neglecting the contributions from higher order terms

would result in significant errors. In order to show that they

do tend towards zero we have plotted the
�
J distribution for

the figure set on the platinum data which produced the

lowest CV score (17meV). This
�
J distribution includes the

�
J values for each fit performed in the CV score calculation

for this figure set. The distribution of
�
J’s from the leave

one out, two out, and three out fits is shown in Figure 2.

Here, it is seen that the
�
J’s themselves vary in a roughly

normal distribution that can either be positive or negative

on average. Additionally, the average magnitude of these
�
J

distributions decreases as the figure size itself increases.

This is consistent with the higher order contributions

tending towards zero, which means that not only do larger

figures (and hence larger figure sets) add relatively little to

the results of the cluster expansion, but that the infinite

series can be meaningfully represented by a smaller

truncated set of basis functions.

In order to show that the CV score provides a

meaningful measure of the predictive power of a cluster

expansion with a given figure set, we have plotted the

distribution of prediction errors for four figure sets with

different CV scores. The results are shown in Figure 3.

Cluster expansions produced with good figure sets, that is

those with low-CV scores, produce a narrow distribution

of prediction errors centred around zero. Poor figure sets,

those with high-CV scores, however produce prediction

errors with both higher error magnitudes as well as a much

wider distribution. The width of this distribution is linked

to the magnitude of the CV score, figure sets with higher

CV scores produce wider distributions. This confirms the

principle of the CV score as a measure of predictive error

for the cluster expansion based on that figure set. Thus, not

only does the calculation of the CV score for each figure

set allows for an effective means of weighting them, but it

also provides a measure of the cluster expansion’s

uncertainty.

The results of the DFT calculations for oxygen

adsorption on the gold and platinum (111) surfaces were

characterised previously in the form of adsorption

energies. The adsorption energies were limited to a total

of 15 configurations with non-zero coverage. We now use

the cluster expansion to expand upon these results to cover

a much wider range of configurations. We performed

cluster expansions with the best figure sets on each surface

to calculate the adsorption energies for every symme-

trically and translationally unique configuration in unit

cells of up to 15 adsorption sites on the fcc (111) surfaces.

The results of these adsorption energy calculations, for

8917 total configurations, are shown in Figure 4. The best

fit lines for the lowest energy configurations at each

coverage are plotted with their slopes. While the trend of

the DFT data appeared roughly linear, there’s a noticeable

nonlinearity in the cluster expansion adsorption energies

suggesting that a linear fit may not fully capture the

adsorption energy coverage dependence, especially at high

coverage.

We previously observed a configurational correlation

among the adsorption energies on Pt(111) and Au(111).

The same correlation exists for the cluster expansion

adsorption energies as shown in Figure 5. While this may

be expected for the lowest energy configurations, which

may be roughly linear, and would thus simply be a linear

correlation between two linearly correlated functions of

coverage, the higher energy configurations also obey the

correlation suggesting that a more fundamental relation-

ship, such as the d-band adsorption model shared by both

systems [4], is responsible for this similarity. The cluster

expansion correlation displays some noted asymmetry,

which is similar to the asymmetry observed in the

adsorption energies.

Heats of formation as defined in Equation (8) provide a

measure of the stability of an adsorbate configuration with

regard to phase separation into regions of zero coverage

and full coverage. Those configurations which are most

stable are connected by tie lines, which form what is

known as the convex hull. Those configurations found near

the convex hull are thus the most thermodynamically

relevant configurations. Due to the computational

resources requirements of DFT, only a very limited

number of configurations can be covered. The cluster

expansion, however, allows for the rapid calculation of

these heats of formation for all configurations of up to 15

sites, shown in Figure 6 for platinum and Figure 7 for gold.

There is uncertainty in the cluster expansion heats of

formation both due to convergence of the DFT data

(20meV for platinum, 30meV for gold) and due to the

uncertainty in the fit of the cluster expansion to this noisy

data (approximately 20meV rms prediction error for both

surfaces). This uncertainty makes it difficult to identify

which configurations lie on, rather than just near, the

convex hull. An alternative and complementary analysis of

stability in this context is to examine the structural

similarity of neighbouring configurations. If all of the

neighbouring configurations share certain structural

features it becomes less important to identify exactly

which structure is lowest in energy.

The correlation vector for a configuration provides a

‘finger print’ for the configurational characteristics of that

configuration. We can quantify the similarity by calculat-

ing the dot product of two correlation vectors and

normalizing by the lengths of each vector. This yields a

value of 1 for identical configurations, and a value that
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approaches zero for completely dissimilar configurations.

Seven simple reference configurations were selected from

those that appear widely in surface adsorption studies, and

for every configuration considered in the cluster expan-

sions, and evaluated the similarity of all the configurations

to these configurations in Figure 8 (platinum) and Figure 9

(gold). The similarity is presented as a circle with a radius

proportional to the similarity measure described above

raised to a power. The exponent is not critical and serves to

accentuate the similarity of the configurations by making

small similarity measures even smaller. We examined

powers in the range of 5–30, with both figures being

generated with a power of 30.

On both surfaces those configurations lying near the

convex hull are generally very similar to neighbouring

configurations. Rather than belonging to a set of widely

independent configurations they instead fall into a smaller

number of ‘thematic’ configurational regions, with each

configuration in the region being a variation on the

reference configuration. This suggests that while we

cannot determine with certainty which configurations are

in fact the most stable, we can identify which broad

configurational theme dominates in each coverage region

with confidence. Depending on the particular figure set

used for the cluster expansion there is a small region near

Figure 6. Heats of formation as calculated by the cluster
expansion for oxygen adsorption on platinum. The black dots
represent the cluster expansion heats of formation, red circles
those from DFT calculations, and blue squares are the points
along the convex hull which is itself represented by the blue line.

Figure 7. Heats of formation as calculated by the cluster
expansion for oxygen adsorption on gold. The black dots
represent the cluster expansion heats of formation, red circles
those from DFT calculations, and blue squares are the points
along the convex hull which is itself represented by the blue line.

Figure 8. Similarity diagram for the platinum surface. Circles
have been plotted for every configuration which show the
configuration’s similarity to the reference configurations at
the top of the figure. The colour of the circle corresponds to the
reference configuration, and the radius of the circle is
proportional to the configurations similarity to the reference
configuration.
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0.5ML on the gold surface where there is no apparent

similarity to the reference structures shown. The size of

this region is within the uncertainty expected from the

cluster expansion, as shown through the error bar, and

consequently we cannot reach a reliable conclusion on the

relevance of these configurations.

4. Conclusions

We have shown how CV scores can be utilised to weigh

the predictive power of a cluster expansion, and to select a

figure basis set for use in the expansion. We have then

utilised the cluster expansion to calculate adsorption

energies, which we found to be consistent with DFT

results. As previously observed with DFT, the full

configuration space of adsorption energies were correlated

to one another. Additionally we calculated heats of

formation for both surfaces and showed how the

configurations which lie near the convex hull are not

completely independent but instead fall into a

rather limited set of configurations in the region near the

convex hull.
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